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Widespread occurrence of the inverse square distribution in social sciences and taxonomy
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The widespread occurrence of an inverse square relation in the hierarchical distribution of subcommunities
within communities(or subspecies within specjebas been recently invoked as a signature of hierarchical
self-organization within social and ecological systems. Here we show that, whether such systems are self-
organized or not, this behavior is the consequence of the treelike classification method. Different treelike
classificationgboth of real and truly random systepdisplay a similar statistical behavior when considering
the sizes of their sub-branches.
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Taxonomy is one of the major classification schemes irmunity is not clear-cut, and even for a given definition the
use in all natural and social sciences. The main underlyingrocedure to identify communities might not be easy to
assumption driving a taxonomic class partition is that themplement. Quite recently Girvan and NewméBN) have
entities under study are hierarchically organized: for ex{roposed an algorithm that on test cagebere the commu-
ample, in biology four differenspecies(e.qg., lions, tigers, nities are already knowrseems to perform quite effectively
|ynxes] and Cabscan be grouped into twgenera("ons and [5] The algorithm relies on a Simple intuition: communities
tigers into PantherinaE, |ynxes and cats into Felunméuch are groups of individuals t|ght|y connected with each Othel’,
in turn belong to the samfamily (Felidag; in social sciences and less connected to the rest of the social network. There-
different subcommunities can be grouped in the same confore, by identifying a suitable parameter that quantifies such
munity and so on: supporters of different soccer teams can éegree of connectedness, it is possible to devise a procedure
grouped, at a h|gher |eve|, as soccer fans that in turn, toto fragment the social network in communities. GN use the
gether with fans of other disciplines, can be grouped a§dge betweenne§8]index to estimate how much an edge of
sports fans and so on. Therefore, taxonomic trees carry irfhe network is important to keep it connected: in general
formation about the laws of organization of organisms anctdges within a community have a low betweenness value,
communities. In addition, in the last decade much work hagince the global connectivity is anyway ensured by the large
been devoted to the study of the statistical features of taxc@mount of edges linking individuals in the community. Edges
nomic trees, in the hope that they could reveal some gener@etween two different communities, on the other hand,
patterns of Organization_ |nteresting|y, when |00king at theshould exhibit h|gh betweenness ValueS, since there should
statistical distribution of the sizes of subtre@gnich corre- b€ a few of them, sustaining all the social relations between
spond to the sizes of subspecies within species of subconit€ two communities. The GN algorithm recursively prunes
munities within communitiésan inverse square power-law the network by cutting the edge with the largest betweenness,
relation has been fourfd—3]. Subtree sizes are best viewed checking whether the network has split in two fragments,
in Fig. 1, where we show a tree and label every node by th@nd repeating the procedure until the network is made of
size of its corresponding subtree. It is worth noticing thatdisconnected nodes. Any time there is a splitting, the taxo-
such scheme corresponds to the statistics of drainage basii@mic tree of communities is updated: the community that
area in the river network studig4]. The presence of a power has split into two subcommunities gives rise to two off-
law in the size distribution of subtree sizes has been hailed a&°rings. The algorithm therefore builds a binary tree that
a consequence of some self-organizat{possibly critical
of the system under consideration. Actually, and even more
interestingly, the robustness of such a law across different
taxa and kingdomséin ecology and for different social con-
texts and definitions of communifyn social sciencegoints
to some universal property of these systems.

Here we show that, although self-organization is surely
present in ecological and social systems, its presence is not
revealed by the above mentioned inverse square relation,
which instead is an unescapable consequence of the treelike
nature of classification scheme. Moreover, the robustness of
the inverse square relation emerges simply as a universal
consequence of the tree-building algorithm. 1 1 1 1 1 1

Community detection within a society is not a simple and
perfectly defined task. Indeed, the definition itself of a com- FIG. 1. Binary tree with nodes labeled by their subtree sizes.
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L o . FIG. 3. Cumulated community size distribution for the flora of
FIG. 2. Community size _d'Str'bUt'on for an Erdos-Renyi net-| 5,5 and 4 random subset of Italian species. The straight line is
work of 3000 nodes and with average degree equal t0 10. Thg-1 gjnce these are cumulated distributions. Inset: the noncumu-

straight line iss™2. lated distributiongaxis label as in the main panel
encodes the community structure of the social network. Moreults, to the point that by their use the universality of the
recently, other algorithmg3,7] have been proposed that run inverse square power relation could have been missed.
faster than the GN one by relying on local quantities, such as The robustness of the result is emphasized by the fact that
the edge clusteringthe computation of the betweenness iswe have found the same distribution of “communities,”
costly since it is a global quantityYet, the common feature characterized by an inverse square behavior, also on scale-
is that the algorithm still produces binary taxonomic treesfree networks generated with various other moda11].
As mentioned above, all these algorithms correctly identify The inverse square-law behavior also emerges from real
communities in selected test cases, and all exhibit an inversgata and from sets of real data after some randomization. As
square-law behavior in the community size distribution,an example we examine data from plant taxonomy, which is
sometimes used as evidence of a self-organized hierarchicalparticular case of biological classification. We have consid-
structure in the system. Yet, the structure, encoded in a tax@red a number of plants ecosystems belonging to different
nomic tree, is hierarchical by construction, and also the inclimatic and geographical environments around the world,
verse square power behavior is an inescapable outcome ehch one represented by the taxonomic classification tree.
the construction. For all these trees the study of the statistical distribution of
It has been analytically shown recently that the subtreehe sizes of subtrees shows a very good inverse power-law
size distribution(the community size distribution in the so- distribution with an exponeny~ 1.9+0.2. As all the plants
cial contexj of a random tree is always power-law distrib- species in each tree belong to a same ecosystem, this result
uted, P(s)~s~ 7, with the exponenty that can be equal to could be viewed as a sign of some self-organization of the
3/2 in the case of critical random tre (a critical random  ecosystem itself. Yet, in this case a simple experiment shows
tree is a tree where nodes have, on the average, just a singleat community statistics do not reveal any struct(mé
offspring), and 2 in the more common case of supercriticalthough the details of the community partition)ddVe have
trees(the average number of offsprings is larger than)onestudied two different kinds of subsets of the above ecosys-
[9]. To check whether this result applies in general to theems: geographical subsets made of groups of species that
detection algorithm, we have applied the one based on thiéve together in a restricted ar¢42] and give rise to a small
edge clustering coefficient to a simple Erdos-Renyi networkecosystem, and some other completely random subsets. The
made of 3000 nodes and with an average degree equal to 18tatistical distribution of the sizes of subtrees shows an in-
As shown in Fig. 2, the community size distribution showsverse square power-law behavior for both kinds of subsets
an inverse power-law behavior for almost two decades. Yetsee Fig. 3. Finding this behavior both in homogeneous data
the network is completely random, and there is no selffrom the same ecosystem, and in a random subsets of species
organization whatsoever in the communities identified by thevhere no correlations are present, shows once more that the
algorithm. The application of the betweenness based GN alnverse square law is simply a consequence of the treelike
gorithm gives similar result&ata not shown In Fig. 2 we  nature of the taxonomic classification. It is worth observing,
have logarithmically binned the data: this is helpful to im-in this case, that Fig. 3 shows the cumulated distribution,
prove the quality of the plot, although not essential to reveaivhich in this case preserves its power-law featutess is
the power law in the community size distributigthe non-  further evidence that, if the cumulated distribution is a power
binned data are just slightly noisjeiThe cumulated distri- law then the original is power law too, whereas the inverse is
bution, instead, would not have shown any of these featuresiot necessarily true, for example, if data are quite noisy
as Fig. 2 clearly shows: this is@aveatin the use of cumu- In conclusion we have shown that the presence of an in-
lated distributions, that can sometimes heavily distort the reverse square-law relation for the distribution of the sizes of
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communities and species does not mark any significative orather than to its bare presence. These subtle relations are yet
ganization within the system under consideration, but rathefo be discovered. In some cases, the community size distri-
it is an inevitable consequence of the classification schemdution has shown power-law scaling with exponent 3/2,
More generally we point out that such power-law behaviorrather than Z13]: since it is known that the only ingredient

e necessary to find such a scaling for random trees is their
should be expected whenever the classification scheme us%ﬁticality {number of offsprings Squal to 1), we speculate

to organize a set of data is based on the construction of g4t it is not the presence of scaling itself that points to some
hierarchical tree. This should also apply to classical taxpeculiarities in these systems, but rather the specific value of
onomy, where the appearance of power laws in the distributhe exponentand we stress that no other exponents different
tions of subspecies within species has been linked to somigom 2 and 3/2 could be found

intrinsic fractality in the way species are organized. The de- o acknowledge the EU FET Open Project No. IST-

gree of correlation and organization of the system undeppp1-33555 COSIN and the OFES-Bern under Contract No.
study should be instead tied to the quality of the scalingd2.0234.

[1] B. Burlando, J. Theor. Biol146, 99 (1990. Verlag, Berlin, 1963

[2] B. Burlando, J. Theor. Bioll63 161 (1993. [9] P. De Los Rios, Europhys. Lets6, 898 (2001).

[3] F. Radicchi, C. Castellano, F. Cecconi, V. Loreto, and D. Pa{10] R. Albert and A.-L. Barabasi, Rev. Mod. Phy&}, 47 (2002;
risi, e-print cond-mat/0309488. S.N. Dorogovtsev and J.F.F. Mendes, Adv. Phys, 1079

[4] I. Rodriguez-lturbe and A. Rinaldorractal River Basins: (2002.
Chance and Self-OrganizatiofCambridge University Press, [11] G. Caldarelli, A. Capocci, P. De Los Rios, and M.A. Mum
Cambridge, 1997 Phys. Rev. Lett89, 258702(2002.

[5] M. Girvan and M.E.J. Newman, Proc. Natl. Acad. Sci. U.S.A. [12] B. Anzalone,Elenco preliminare delle piante vascolari spon-
99, 7821(2002. tanee del LazipRegione Lazio e SocietBotanica ltaliana,

[6] L. Freeman, Sociometr§0, 35 (1977. 1984.

[7] M.E.J. Newman and M. Girvan, e-print cond-mat/0308217. [13] R. Guimera, L. Danon, A. Diaz-Guilera, F. Giralt, and A. Are-

[8] T. E. Harris, The Theory of Branching Processé&3pringer- nas, e-print cond-mat/0211498.

035101-3



